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Abstract
We investigate the problem of characterizing those quasi-uniform spaces for which the Vietoris
topology is compatible with the Hausdorff quasi-uniformity. In particular, we prove that the Vietoris
topology of a quasi-uniform space (X,U ) is compatible with the Hausdorff quasi-uniformity on the
family K0(X) of nonempty compact subsets of X, if and only if for each K ∈ K0(X),U−1|K is
precompact. We show that for a T1 quasi-uniform space (X,U ), the Vietoris topology is compatible
with the Hausdorff quasi-uniformity on the family of nonempty closed subsets ofX, if and only ifU is
equinormal and U−1 is hereditarily precompact. We also discuss the problem in the setting of quasi-
metric spaces and show, among other results, that the Vietoris topology of a quasi-metric space (X,d)
is compatible with the Hausdorff extended quasi-pseudo-metric on the family of nonempty subsets
of X, if and only if the quasi-uniformity induced by d coincides with the Pervin quasi-uniformity
of X.
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1. Introduction
Throughout this paper the letters R, N and ω will denote the set of real numbers, the set
of positive integer numbers and the set of nonnegative integer numbers, respectively.
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Our basic reference for quasi-uniform and quasi-pseudo-metric spaces is [6].
Let us recall that if U is a quasi-uniformity on a set X, then U−1 = {U−1: U ∈ U} is
also a quasi-uniformity on X called the conjugate of U . The uniformity U ∨ U−1 will be
denoted by U s .
A quasi-uniform space is a pair (X,U ) such that X is a (nonempty) set and U is a
quasi-uniformity on X.
Each quasi-uniformity U on X generates a topology T (U )= {G⊆X: for each x ∈G
there is U ∈ U such that U(x)⊆G}, where as usual U(x)= {y ∈X: (x, y) ∈ U}.
Let (X,T ) be a topological space. We say that a quasi-uniformity U on X is compatible
with T provided that T (U )= T .
If X is a (nonempty) set, we denote by P0(X) the family of nonempty subsets of X.
Let (X,U ) be a quasi-uniform space. For each U ∈ U let H−U = {(A,B) ∈ P0(X) ×
P0(X): B ⊆ U(A)} and H+U = {(A,B) ∈ P0(X) × P0(X): A ⊆ U−1(B)}. Then
{H+U : U ∈ U} is a base for the upper Hausdorff quasi-uniformity H+U on P0(X) and
{H+U : U ∈ U} is a base for the lower Hausdorff quasi-uniformityH−U on P0(X). The quasi-
uniformity HU =H+U ∨H−U is the so-called Hausdorff (or Bourbaki) quasi-uniformity of
(X,U ) on P0(X) (see [2,16], etc.).
It is well known that HU−1 = (HU )−1 on P0(X).
For a quasi-uniform space (X,U )we denote by CL0(X) (respectivelyK0(X)) the family
of all nonempty closed (respectively nonempty compact) subsets of (X,T (U )). (The same
notation will be used for a given topological space (X,T ).) By CLs0(X) (respectively
Ks0(X)) we denote the family of all nonempty closed (respectively nonempty compact)
subsets of (X,T (U s)).
A quasi-pseudo-metric on a set X is a nonnegative real-valued function d on X×X such
that for all x, y, z ∈X:
(i) d(x, x)= 0,
(ii) d(x, y) d(x, z)+ d(z, y).
If in addition d satisfies the following condition
(iii) d(x, y)= 0⇔ x = y ,
then d is called a quasi-metric on X.
We will also consider extended quasi-(pseudo-)metrics. They satisfy the usual axioms
for a quasi-(pseudo-)metric, except that we allow d(x, y)=+∞.
The conjugate of a(n extended) quasi-(pseudo-)metric d on X is the (extended) quasi-
(pseudo-) metric d−1 given by d−1(x, y)= d(y, x).
A(n extended) quasi-(pseudo-)metric space is a pair (X,d) such that X is a (nonempty)
set and d is a(n extended) quasi-(pseudo-)metric on X.
Each extended quasi-pseudo-metric d on X generates a topology T (d) on X which
has as a base the family of d-balls {Bd(x, r): x ∈ X, r > 0}, where Bd(x, r) = {y ∈
X: d(x, y) < r}.
A topological space (X,T ) is quasi-(pseudo-)metrizable if there is a quasi-(pseudo-)
metric d on X such that T (d)= T . In this case we say that d is compatible with T .
J. Rodríguez-López, S. Romaguera / Topology and its Applications 124 (2002) 451–464 453
Each extended quasi-pseudo-metric d on X induces a quasi-uniformity Ud on X which
has as a base the family {Un: n ∈N}, where Un = {(x, y) ∈X×X: d(x, y) < 2−n} for all
n ∈N [6, p. 3].
Let (X,d) be a quasi-pseudo-metric space. The upper Hausdorff extended quasi-
pseudo-metric H+d on P0(X) is defined by H+d (A,B) = supb∈B d(A,b), for all A,B ∈
P0(X). The lower Hausdorff extended quasi-pseudo-metric H−d on P0(X) is defined
by H−d (A,B) = supa∈A d(a,B), for all A,B ∈ P0(X). The Hausdorff extended quasi-
pseudo-metric Hd on P0(X) is defined by Hd =H+d ∨H−d (see [2,16], etc.).
It is well known that H+Ud = UH+d ,H
−
Ud = UH−d and HUd = UHd on P0(X). Furthermore
H+d ,H
−
d and Hd are quasi-pseudo-metrics on P0(X) whenever d is bounded.
Let (X,T ) be a topological space. Let us recall that the upper Vietoris topology of
(X,T ) is the topology T +V on P0(X) generated by all sets of the form G+ = {A ∈
P0(X): A ⊆ G}, where G is a nonempty open set, and the lower Vietoris topology of
(X,T ) is the topology T −V on P0(X) generated by all sets of the form G− = {A ∈
P0(X): A ∩G = ∅}, where G is a nonempty open set. The topology T +V ∨ T −V is called
the Vietoris topology of (X,T ) and is denoted by TV .
If (X,U ) is a quasi-uniform space, we will denote by TV the Vietoris topology of
(X,T (U )), and by TV−1 the Vietoris topology of (X,T (U−1)).
It is well known [19] that the Vietoris topology of a uniform space (X,U ) is compatible
with the Hausdorff uniformity of (X,U ) on K0(X). The relationship between the
Hausdorff quasi-uniformity and the Vietoris topology for a given quasi-uniform space
has been discussed by several authors (see [2–4,17], etc.) In particular, it is observed
in [4] that for each quasi-uniform space (X,U ), the Vietoris topology is always weaker
than the topology of the Hausdorff quasi-uniformity on K0(X), and an example of a
compact locally symmetric regular quasi-metric space (X,d) is given such that the Vietoris
topology is not compatible on K0(X) with the Hausdorff quasi-uniformity of (X,Ud).
These facts suggest, in a natural way, the problem of characterizing those quasi-uniform
spaces (X,U ) for which the Vietoris topology is compatible with the Hausdorff quasi-
uniformity on K0(X). Here, we solve this question and deduce from our characterization
several partial results obtained in [4,17]. With the help of the proximal topology we
also characterize those quasi-uniform spaces for which the Vietoris topology coincides
with the topology of the Hausdorff quasi-uniformity on P0(X). In particular, for a T1
quasi-uniform space (X,U ) this coincidence occurs if and only if U is equinormal and
U−1 is hereditarily precompact. In [7], Künzi characterized those topological spaces
which admit a unique compatible quasi-uniformity. Here we obtain Künzi’s theorem as
a factorization and deduce a characterization of those topological spaces for which the
Vietoris topology is compatible with the Hausdorff quasi-uniformity corresponding to the
fine quasi-uniformity. Finally, we investigate the quasi-metric case and show, among other
results, that the Vietoris topology of a quasi-metric space (X,d) agrees with the Hausdorff
quasi-uniformity of (X,Ud) on P0(X) if and only if the quasi-uniformity Ud coincides
with the Pervin quasi-uniformity of (X,T (d)).
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2. The Vietoris topology and the Hausdorff quasi-uniformity
Definition 1. Let (X,U ) be a quasi-uniform space. The topology on P0(X) generated by
the sets G++ = {A ∈ P0(X): exists U ∈ U with U(A)⊆G}, where G is T (U )-open, is
called the upper U -proximal topology. This topology is denoted by T +(δU ). The lower
U -proximal topology on P0(X) is generated by all sets of the form G−, where G is a
T (U )-open set. We denote this topology by T −(δU ).
The topology T +(δU ) ∨ T −(δU ) is called the U -proximal topology of (X,U ) and is
denoted by T (δU ).
Note that T −(δU ) is exactly the lower Vietoris topology of (X,T (U )).
Remark 1. Let (X,U ) be a quasi-uniform space. Then T (δU ) ⊆ TV ,T (δU ) ⊆ T (HU )
and T (δU )= T −V ∨ T (H+U ) on P0(X).
Proof. Since T −V ⊆ T (H−U ) and T (H+U )+ ⊆ T +V on P0(X) [2, Lemma 2.4], it will
sufficient to see that T (H+U ) = T +(δU ) on P0(X). Indeed, let A ∈ P0(X) and U ∈ U .
Put G = intU(A). Then A ∈ G++ ⊆ H+U (A). Conversely, let A ∈ P0(X) such that
A ∈ G++. Hence, there is U ∈ U with U(A) ⊆ G. Choose V ∈ U such that V 2 ⊆ U .
Then H+V (A)⊆G++. ✷
It is well known [1,19] that the Vietoris topology of a uniform space (X,U ) is finer than
the topology of the Hausdorff uniformity on CL0(X) if and only if U is totally bounded. In
Proposition 1 and its corollary below we obtain quasi-uniform versions of this result.
Let us recall that a quasi-uniformity U on a set X is said to be precompact if for each
U ∈ U there is a finite subset F of X such that X = U(F). U is said to be hereditarily
precompact if for each subset Y of X, U |Y is precompact, and U is said to be totally
bounded if U s is a totally bounded uniformity on X [6].
It is known that every totally bounded quasi-uniformity is hereditarily precompact
and that every hereditarily precompact quasi-uniformity is precompact. However, and
contrarily to the uniform case, the two converse implications are not true, not even for
quasi-metric spaces [6].
Proposition 1. For a quasi-uniform space (X,U ) the following statements are equivalent.
(1) T (HU )= T (δU ) on P0(X).
(2) T (HU )= T (δU ) on CL0(X).
(3) T (HU )⊆ TV on P0(X).
(4) T (HU )⊆ TV on CL0(X).
(5) U−1 is hereditarily precompact.
Proof. (1)⇒ (2) and (3)⇒ (4) are obvious. (1)⇒ (3) and (2)⇒ (4) follow from Re-
mark 1.
(4)⇒ (5). Let A be a nonempty subset of X and let U ∈ U . Choose V ∈ U such
that V 3 ⊆ U . By assumption, there are open sets G,H1, . . . ,Hk , in (X,T (U )) such that
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A ∈ G+ ∩ (⋂kj=1 H−j ) ⊆ HV (A). Let bj ∈ A ∩ Hj , j = 1, . . . , k. Put B =
⋃k
j=1 {bj }.
Then B ∈G+ ∩ (⋂kj=1 H−j ), so A⊆ V−1(B). Since bj is in A, there is aj ∈A such that
(bj , aj ) ∈ V for j = 1, . . . , k. We wish to show thatA⊆⋃kj=1U−1(aj ). Indeed, fix a ∈A.
There is j ∈ {1, . . . , k} such that a ∈ V −1{bj }. Thus (a, aj ) ∈ V 3. Hence a ∈U−1(aj ). We
conclude that U−1|A is precompact. So U−1 is hereditarily precompact.
(5)⇒ (1). Since T (δU ) ⊆ T (HU ) always, we shall prove that T (HU ) ⊆ T (δU ) on
P0X. Let A ∈ P0(X) and U ∈ U . Choose V ∈ U such that V 2 ⊆ U . By assumption
there is a finite subset A0 of A such that A ⊆ V −1(A0). Put G = intT (U ) U(A).
Then V (A) ⊆ G, so A ∈ G++. We want to show that the T (δU )-neighborhood of
A,G++ ∩ (⋂a∈A0(intT (U ) V (a))−), is contained in HU(A). Indeed, let B ∈ P0(X) such
that B ∈ G++ ∩ (⋂a∈A0(intT (U ) V (a))−). Then there is W ∈ U such that W(B) ⊆ G.
Hence B ⊆ W(B) ⊆ U(A). On the other hand, given a ∈ A there is a0 ∈ A0 such that
(a, a0) ∈ V . Since B ∩ V (a0) = ∅ there is b ∈ B such that (a0, b) ∈ V . Thus a ∈ U−1(b).
Consequently A⊆U−1(B). We conclude that B ∈HU(A). Therefore T (HU )= T (δU ) on
P0(X). ✷
It was proved in [8] that a quasi-uniformityU is totally bounded if and only if U and U−1
are hereditarily precompact. From this result and Proposition 1 we immediately deduce the
following.
Corollary. For a quasi-uniform space (X,U ) the following statements are equivalent.
(1) T (HU )= T (δU ) and T (HU−1)= T (δU−1) on P0(X).
(2) T (HU )= T (δU ) and T (HU−1)= T (δU−1) on CLs0(X).
(3) T (HU )⊆ TV and T (HU−1)⊆ TV−1 on P0(X).
(4) T (HU )⊆ TV and T (HU−1)⊆ TV−1 on CLs0(X).
(5) U is totally bounded.
Let us recall that a quasi-uniformity U on a set X is said to be equinormal [6] if for each
nonempty T (U )-closed set A and each T (U )-open set G containing A, there is a U ∈ U
such that U(A) ⊆ G. A quasi-uniform space (X,U ) is said to be equinormal if U is an
equinormal quasi-uniformity on X.
It is well known [19] that the topology of the Hausdorff uniformity of a uniform space
(X,U ) is finer than the Vietoris topology on CL0(X) if and only if U is equinormal. Next
we discuss the corresponding situation for quasi-uniform spaces.
Let (X, δ) and (Y,ρ) be two quasi-proximity spaces. A function from X to Y is called
qp-continuous [6] if f (A)ρf (B) whenever AδB .
It is well known [6] that every quasi-uniformity U on a set X induces a quasi-proximity
δU on X defined by: AδUB if and only if for each U ∈ U , (A×B)∩U = ∅.
Consider the quasi-pseudo-metric " on R defined by "(x, y) = max{x − y,0} for all
x, y ∈ R. Then T (") is exactly the so-called lower topology on R: nontrivial basic open
sets are of the form ]a,∞[ , whenever a ∈R.
We say that a quasi-uniform space (X,U ) is a QPC-space if every lower semicontinuous
real-valued function on (X,T (U )) is qp-continuous from (X, δU ) to (R, δU").
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As an immediate consequence we obtain that (X,U ) is a QPC-space if and only if for
each lower semicontinuous real-valued function f the following condition is satisfied:
Whenever A and B are subsets of X such that for each U ∈ U (A× B) ∩U = ∅, then
inf {(f (a)− f (b))∨ 0: a ∈A, b ∈ B} = 0.
From the above observations we deduce the following result whose easy proof is
omitted.
Lemma 1. A quasi-uniform space (X,U ) is a QPC-space if and only if for each nonempty
subset A of X and each T (U )-open set G containing A, there is a U ∈ U such that
U(A)⊆G.
Proposition 2. For a quasi-uniform space (X,U ) the following statements are equivalent.
(1) T (δU )= TV on P0(X).
(2) TV ⊆ T (HU ) on P0(X).
(3) (X,U ) is a QPC-space.
Proof. (1)⇒ (2). It follows from Remark 1.
(2)⇒ (3). Let A ∈ P0(X) and let G be a T (U )-open set such that A ⊆ G. Then
A ∈ G+, so by assumption there is U ∈ U such that HU(A) ⊆ G+. We claim that
U(A)⊆G. Assume the contrary. Then there is b ∈ U(A)\G. Hence (A ∪ {b}) ∈HU(A),
so {b} ⊆G+, a contradiction. By Lemma 1 we conclude that (X,U ) is a QPC-space.
(3) ⇒ (1). Let A ∈ P0(X) and let G be a T (U )-open set such that A ∈ G+. By
Lemma 1, there is U ∈ U such that U(A)⊆G. So H+U (A)⊆G+.
This shows that T +V ⊆ T (H+U ) on P0(X). By Remark 1 T (δU )= TV on P0(X) . ✷
Next we give an example of a quasi-uniform space (X,U ) such that TV ⊆ T (HU ) on
CL0(X) but U is not equinormal (hence (X,U ) is not a QPC-space).
Example 1. Let X = ω ∪ {∞} and let d be the quasi-pseudo-metric on X defined
by d(n,m) = 1 if n,m ∈ ω with n = m; d(0,∞) = 0; d(n,∞) = 2−n for all n ∈ N;
d(∞, n)= 1 for all n ∈ ω; and d(x, x)= 0 for all x ∈X.
Let A= N and B = {0,∞}. Then A and B are disjoint closed sets and d(A,B)= 0, so
Ud is not equinormal.
On the other hand, let A ∈ CL0(X) and let G be a T (d)-open set such that A ∈ G+.
If 0 /∈ A, then ∞ /∈ A, and thus (HU1)(A) ⊆ G+ on CL0(X) because for B ∈ CL0(X)
such that B ∈ (HU1)(A), one has B ⊆U1(A) and A⊆U−11 (B), and hence B =A⊆G, so
B ∈ G+. If 0 ∈ A we obtain clearly (HU1)(A) ⊆ G+ (recall that in this case, 0 ∈ G and
thus ∞∈G). Therefore T +V ⊆ T (HUd ) on CL0(X).
Finally, since T −V ⊆ T (H−Ud ) always, we conclude that TV ⊆ T (HUd ) on CL0(X).
Observe that the quasi-pseudo-metric space of Example 1 is T0 but not T1. This fact is
not an accident as the next result shows.
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Lemma 2. Let (X,U ) be a T1 quasi-uniform space such that TV ⊆ T (HU ) on CL0(X).
Then (X,U ) is equinormal.
Proof. Let A be a nonempty closed subset of (X,T (U )) and let G be a T (U )-open set
such that A ⊆ G. By assumption there is U ∈ U such that (HU)(A) ⊆ G+ on CL0(X).
Hence U(A)⊆G since for each b ∈ U(A), A∪ {b} ∈ CL0(X) and A∪ {b} ∈ (HU)(A) on
CL0(X), and thus b ∈G. We conclude that (X,U ) is equinormal. ✷
Conversely, we obtain the following result whose easy proof is omitted.
Lemma 3. Let (X,U ) be an equinormal quasi-uniform space. Then TV ⊆ T (HU ) on
CL0(X).
The next result shows that it is still possible to characterize equinormal T1 quasi-uniform
spaces in terms of the relationship between the Vietoris topology and the topology of the
Hausdorff (conjugate) quasi-uniformity.
Proposition 3. Let (X,U ) be a T1 quasi-uniform space. Then TV ⊆ T (HU−1) on CL0(X)
if and only if (X,U ) is equinormal.
Proof. Suppose that TV ⊆ T (HU−1) on CL0(X). Let A and F be two disjoint nonempty
closed subsets of (X,T (U )). Then F ∈ (X\A)+, so by assumption there is U ∈ U
such that HU−1(F ) ⊆ (X\A)+. Choose V ∈ U with V 2 ⊆ U and put F ′ = V−1(F ). It
easily follows that F ′ ∈ HU−1(F ). Hence F ′ ∈ (X\A)+ and thus A ∩ V −1(F ) = ∅, i.e.,
V (A)∩ F = ∅. Therefore (X,U ) is equinormal.
Conversely, suppose that (X,U ) is equinormal. Let A ∈ CL0(X) and let G and H
be two open sets in (X,T (U )) such that A ⊆ G and A ∩ H = ∅. Then, there exists
U ∈ U such that U(X\G) ∩ A = ∅. Now choose a0 ∈ A ∩ H . By equinormality of U it
follows that T (U )⊆ T (U−1) [6, Proposition 2.26] so V −1(a0)⊆H for some V ∈ U with
V ⊆ U . We shall show that HV−1(A) ⊆ G+ ∩ H− on CL0(X). Indeed, let B ∈ CL0(X)
such that B ⊆ V −1(A) and A ⊆ V (B). For each b ∈ B there is a ∈ A with (b, a) ∈ V .
Since U(X\G) ∩ A = ∅, we deduce that b ∈ G. Moreover, there is b0 ∈ B such that
b0 ∈ V−1(a0), so b0 ∈H . We conclude that TV ⊆ T (HU−1) on CL0(X). ✷
Theorem 1. Let (X,U ) be a quasi-uniform space. Then T (HU ) = TV on P0(X) if and
only if (X,U ) is a QPC-space and U−1 is hereditarily precompact.
Proof. Apply Propositions 1 and 2. ✷
Theorem 2. For a T1 quasi-uniform space (X,U ) the following statements are equivalent.
(1) T (HU )= TV on CL0(X).
(2) T (HU )⊆ TV ⊆ T (HU−1) on CL0(X).
(3) U is equinormal and U−1 is hereditarily precompact.
458 J. Rodríguez-López, S. Romaguera / Topology and its Applications 124 (2002) 451–464
Proof. (1)⇒ (2). By Lemma 2, (X,U ) is equinormal. Hence TV ⊆ T (HU−1) on CL0(X),
by Proposition 3.
(2)⇒ (3). It follows from Propositions 1 and 3.
(3)⇒ (1). It follows from Proposition 1 and Lemma 3. ✷
Remark 2. Note that the implication (3)⇒ (1) in Theorem 2, remains true without the
assumption that (X,U ) is T1.
It is well known that each compact quasi-uniform space is equinormal. Related to
Theorem 2, it was shown in [14, Corollary 1], that if (X,U ) is a T1 quasi-uniform space
then (P0(X),HU ) is compact if and only if (X,U ) is compact and U−1 is hereditarily
compact.
The following result will be useful in Section 3.
Proposition 4. Let (X,U ) be a quasi-uniform space. Then (P0(X),HU ) is compact if and
only if (CL0(X),HU ) is compact.
Proof. Suppose that (P0(X),HU ) is compact and let (Cλ)λ∈Λ be a net in CL0(X). Then
(Cλ)λ∈Λ has a cluster point C ∈ P0(X). Since (X,U ) is compact [16, Corollary 3], we
have that Cλ ∈ K0(X) for each λ ∈Λ, and C ∈ K0(X). So, by the proof of Remark 1 in
[13], C is a cluster point of the net (Cλ)λ∈Λ in (CL0(X),HU ).
Conversely, let (Aλ)λ∈Λ a be a net in P0(X). Then the net ( Aλ)λ∈Λ has a cluster point
C ∈ CL0(X). It immediately follows that C is also a cluster point of the net (Aλ)λ∈Λ in
(P0(X),HU ). ✷
In our next results we analyze the relationship between the Vietoris topology of a
topological space (X,T ) and the Hausdorff quasi-uniformity of several standard quasi-
uniformities on X compatible with T .
We shall denote by PN ,FN ,FT ,SC,LF ,PF andWM, the Pervin quasi-uniformi-
ty, the fine quasi-uniformity, the fine transitive quasi-uniformity, the semi-continuous
quasi-uniformity, the locally finite quasi-uniformity, the point finite quasi-uniformity and
the well-monotone quasi-uniformity of (X,T ), respectively (compare [6,9,11]).
Remark 3. (a) It is well known that PN is the coarsest of all (standard) quasi-uniformities
considered in the above paragraph.
(b) Let (X,T ) be a topological space. It is easily seen that (X,PN ) is a QPC-space.
Hence if U is some of the quasi-uniformities PN ,FN ,FT ,SC,LF ,PF ,WM, then
(X,U ) is a QPC-space and, by Proposition 2, TV ⊆ T (HU ) on P0(X).
It is also interesting to recall that PN is totally bounded (see, for instance, [6]) and that
WM−1 is hereditarily precompact [9, p. 327].
By Proposition 1 and Remark 3(b), we immediately deduce the following.
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Proposition 5. Let (X,T ) be a topological space. If U is some of the quasi-uniformities
FN ,FT ,SC,LF ,PF , then T (HU ) = TV on P0(X) if and only if U−1 is hereditarily
precompact.
Proposition 6. Let (X,T ) be a topological space. Then T (HWM)= T (HPN )= TV on
P0(X).
Proof. By Remark 3, TV ⊆ T (HPN ) ⊆ T (HWM) on P0(X). So, by Proposition 5,
T (HWM)= TV on P0(X). This completes the proof. ✷
Remark 4. The equality T (HPN )= TV on P0(X), was independently proved in [2] and
in [17].
Theorem 3. For a topological space (X,T ) the following statements are equivalent.
(1) T (HSC)= TV on P0(X).
(2) Every lower semicontinuous function on (X,T ) is upper bounded.
(3) Every decreasing sequence of nonempty open subets of X has nonempty intersec-
tion.
Proof. (1)⇒ (2). Suppose that there is a lower semicontinuous function f on (X,T ) such
that for each n ∈ N there is xn ∈ X with f (xn)  n. Let U = {(x, y) ∈ X × X: f (x) −
f (y) < 1}. Then U ∈ SC. Now let A = {xn: n ∈ N}. Since by Proposition 5, SC−1 is
hereditarily precompact, there exists a finite subset A0 of A such that A⊆U−1(A0). Pick
n ∈ N with f (xn) > 1 + f (a) for all a ∈ A0. Then xn /∈ U−1(A0), a contradiction. We
conclude that every lower semicontinuous function on (X,T ) is upper bounded.
(2)⇒ (3). Let (Gn)n∈N be a decreasing sequence of nonempty open sets in X such that⋂∞
n=1Gn = ∅. For each n ∈ N define fn(x) = n if x ∈ Gn and fn(x) = 0 if x ∈ X\Gn .
Clearly f =∑∞n=1 fn is a lower semicontinuous function on (X,T ) which has no upper
bound.
(3)⇒ (1). We shall show that SC−1 is hereditarily precompact. Assume the contrary.
Then there exist a lower semicontinuous function f on (X,T ) , an r > 0 and a sequence
(an)n∈N in X such that f (an+1)− f (an) r for all n ∈N. Therefore⋂∞n=1 f−1]f (a1)+
(nr/2),∞[= ∅, a contradiction. We deduce from Proposition 5 that T (HSC) = TV on
P0(X). ✷
In [7] Künzi solved the problem of obtaining a topological characterization of uqu spaces
(i.e., topological spaces which admit a unique compatible quasi-uniformity). He proved
that a topological space is a uqu space if and only if (1) it is hereditarily compact and (2)
there does not exist any strictly decreasing sequence of open sets with open intersection.
In the sequel we shall obtain a factorization of Künzi’s theorem and we shall deduce
a topological characterization of those spaces X for which the Vietoris topology is
compatible with the (Hausdorff) quasi-uniformity HFN on P0(X).
Proposition 7 [15]. A topological space is hereditarily compact if and only if its fine
quasi-uniformity is hereditarily precompact.
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Proposition 8. For a topological space (X,T ) the following statements are equivalent.
(1) FN−1 is hereditarily precompact;
(2) FT −1 is hereditarily precompact;
(3) There does not exist any strictly decreasing sequence of open sets with open
intersection.
Proof. (1)⇒ (2). Obvious.
(2)⇒ (3). Suppose that there exists a strictly decreasing sequence (Gn)n∈N of open
sets such that
⋂
n∈NGn is open. For each x ∈ X define U(x) = X if x /∈
⋃
n∈NGn,
U(x) = Gk\Gk+1 if x ∈ Gk\Gk+1 and U(x) = ⋂n∈NGn if x ∈
⋂
n∈NGn. Let U =
{(x, y) ∈X×X: y ∈U(x)}. Clearly U2 =U , so U ∈FT . Now let (xn)n∈N be a sequence
in X such that for each n ∈ N, xn ∈Gn\Gn+1. Then xn /∈ U−1(xm) whenever n > m, so
FT −1 is not precompact on the set {xn: n ∈N}.
(3)⇒ (1). Suppose that there exists a nonempty subset A of X such that FN−1|A
is not precompact. Then there exist a U ∈ FN and a sequence (an)n∈N in A such that
an+1 /∈⋃nk=1 U−1(ak) for all n ∈N.
Set G=X\{an: n ∈N} and for each n ∈N set Gn =⋃kn intU(ak). Then ((
⋂n
k=1 Gk)
∪ G)n∈N is a strictly decreasing sequence of open sets in X (in fact, note that for
each n ∈ N, an ∈ (⋂nk=1Gk) ∪ G but an /∈ Gn+1 ∪ G). So, by assumption, there is
x ∈ (⋂∞n=1 Gn) ∪ G such that every neighborhood of x contains some point belonging
to X\((⋂∞n=1 Gn) ∪G). It is easily seen that this provides a contradiction.
ConsequentlyFN−1|A is precompact and henceFN−1 is hereditarily precompact. ✷
Remark 5. In [18] Lindgren proved that a topological space is uqu if and only if its
fine quasi-uniformity is totally bounded. Combining this result with the two preceding
propositions we obtain Künzi’s characterization of uqu spaces cited above.
Theorem 4. Let (X,T ) be a topological space. Then T (HFN ) = TV on P0(X) if and
only if there does not exist any strictly decreasing sequence of open sets with open
intersection.
Proof. Apply Propositions 5 and 8. ✷
Theorem 5. Let (X,U ) be a quasi-uniform space and let A be a subfamily of K0(X)
containing all (nonempty) finite subsets of X. Then T (HU )= TV on A if and only if for
each K ∈A,U−1|K is precompact.
Proof. Suppose that T (HU ) = TV on A. Let K ∈ A and U ∈ U . By assumption, there
exist T (U )-open sets G,H1, . . . ,Hn, such that K ∈ G+ ∩ (⋂nj=1H−j ) ⊆ HU(K). For
each j ∈ {1, . . . , n}, there is kj ∈ K ∩ Hj . Put B = {k1, . . . , kn}. Then B ∈ A and
B ∈G+ ∩ (⋂nj=1 H−j ). So K ⊆U−1(B). We have shown that U−1|K is precompact.
Conversely, since TV ⊆ T (HU ) always on K0(X) [4], we shall show that T (HU )⊆ TV
onA. Let K ∈A and U ∈ U . Choose V ∈ U such that V 2 ⊆U . By assumption there is a fi-
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nite subset K0 of K such thatK ⊆ V−1(K0). Put G= intT (U ) U(K). ThenK ∈G+. Con-
sider the TV -neighborhood of K,G+ ∩ (⋂k∈K0(intT (U ) V (k))−), and let B ∈A such that
B ∈G+ ∩ (⋂k∈K0(intT (U ) V (k))−). Then B ⊆U(K). Furthermore, for each k ∈K there
is k0 ∈K0 such that (k, k0) ∈ V . Let b ∈ B such that (k0, b) ∈ V . Then k ∈ U−1(b). Conse-
quently K ⊆U−1(B). We conclude that B ∈HU(K). Therefore T (HU )= TV on A. ✷
Corollary. Let (X,U ) be a quasi-uniform space. Then T (HU )= TV onK0(X) if and only
if for each K ∈K0(X),U−1|K is precompact.
Small-set symmetric quasi-uniform spaces were introduced in [5]. Let us recall [12] that
a quasi-uniform space (X,U ) is small-set symmetric if and only if T (U−1)⊆ T (U ) onX.
The notion of a compactly symmetric quasi-uniform space was introduced in [4] to study
completeness of the Hausdorff quasi-uniformity. A quasi-uniform space (X,U ) is said to
be compactly symmetric if for each K ∈ K0(X) and each U ∈ U there is a symmetric
V ∈ U such that V 2(x)⊆U(x) for all x ∈K .
The following results are immediate consequences of the above corollary.
Corollary [4]. Let (X,U ) be a small-set symmetric quasi-uniform space. Then T (HU )=
TV on K0(X).
Corollary [4]. Let (X,U ) be a compactly symmetric quasi-uniform space. Then
T (HU )= TV on K0(X).
Corollary. Let (X,U ) be a quasi-uniform space. Then T (HU )= TV on Ks0(X).
3. The Vietoris topology and the Hausdorff (extended) quasi-pseudo-metric
A sequence (xn)n∈N in a quasi-pseudo-metric space (X,d) is called right K-Cauchy
[20] if for each ε > 0 there is n0 ∈ N such that d(xm,xn) < ε whenever m  n  n0.
(X,d) is said to be right K-sequentially complete if every right K-Cauchy sequence in
(X,d) is T (d)-convergent. Recall that a right K-Cauchy sequence converges to all of its
cluster points.
A quasi-metric space (X,d) is said to be equinormal if (X,Ud) is an equinormal quasi-
uniform space.
We omit the easy proof of the following auxiliary result because a similar idea is used
in the proof of (1)⇒ (2) in Theorem 7 below.
Lemma 4. Every equinormal quasi-metric space is right K-sequentially complete.
Theorem 6. For a quasi-metric space (X,d) the following statements are equivalent.
(1) T (Hd)⊆ TV ⊆ T (Hd−1) on CL0(X).
(2) (X,d) is compact and d−1 is hereditarily precompact.
(3) (P0(X),Hd) is compact.
(4) (CL0(X),Hd) is compact.
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Proof. (1)⇒ (2). By Theorem 2 and Lemma 4, (X,d) is right K-sequentially complete
and d−1 is hereditarily precompact. Let (xn)n∈N be a sequence in X. Since d−1 is
hereditarily precompact, the sequence (xn)n∈N has a right K-Cauchy subsequence (yn)n∈N
[12, Theorem 3]. So, by Lemma 4, (yn)n∈N is T (d)-convergent. Hence (X,d) is compact.
(2)⇒ (1). Since (X,d) is compact it is equinormal. Then, apply Theorem 2.
(2)⇔ (3)⇔ (4). Proposition 4 and [14, Corollary 2]. ✷
Corollary. For a metric space (X,d) the following statements are equivalent.
(1) T (Hd)= TV on CL0(X).
(2) (X,d) is compact.
(3) (CL0(X),Hd) is compact.
Theorem 7. For a quasi-metric space (X,d) the following statements are equivalent.
(1) T (Hd)= TV on P0(X).
(2) (X,d) is hereditarily compact and d−1 is hereditarily precompact.
(3) Ud is exactly the Pervin quasi-uniformity of (X,T (d)).
Proof. (1) ⇒ (2). By Theorem 1, (X,Ud) is a QPC-space and d−1 is hereditarily
precompact. We shall show that (X,d) is hereditarily compact. Let Y be a (nonempty)
subset of X and let (yn)n∈N be a sequence of (distinct) points of Y . Since d−1 is
hereditarily precompact, the sequence (yn)n∈N has a rightK-Cauchy subsequence (an)n∈N.
So d(a2n+1, a2n)→ 0. Suppose that (a2n)n∈N has no cluster point in Y . Then A ∩ B = ∅,
where A = {a2n+1: n ∈ N} and B = {a2n: n ∈ N}. Hence, there is U ∈ Ud such that
U(A) ∩ B = ∅, which contradicts that d(a2n+1, a2n)→ 0. Therefore (a2n)n∈N, and thus
(yn)n∈N, has a cluster point in Y . We conclude that (X,d) is hereditarily compact.
(2)⇒ (3). Since (X,d) is hereditarily compact, then d is hereditarily precompact, so,
by hereditary precompactness of d−1, we deduce that d is totally bounded [8]. Since every
hereditary compact T0 topological space admits a unique totally bounded quasi-uniformity
[10, Theorem 3], namely its Pervin quasi-uniformity, it follows that Ud is exactly the Pervin
quasi-uniformity of (X,T (d)).
(3) ⇒ (1). Since Ud = PN , it follows from Proposition 6 that TV = T (Hd) on
P0(X). ✷
Corollary. Let (X,d) be a metric space. Then T (Hd)= TV on P0(X) if and only if X is
a finite set.
Proof. Suppose that T (Hd) = TV on P0(X). By Theorem 7, (X,d) is hereditarily
compact, so X is finite [6, Theorem 2.36].
The converse is clear. ✷
Theorem 8. Let (X,d) be a quasi-pseudo-metric space. Then T (Hd)= TV on K0(X) if
and only if every convergent sequence in (X,d) has a right K-Cauchy subsequence.
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Proof. Suppose that T (Hd) = TV on K0(X) and let (xn)n∈N be a sequence in X that
converges to a point x ∈ X. If d(xn, x)→ 0, then ds(x, xn)→ 0, and thus (xn)n∈N is
Cauchy in (X,ds), so right K-Cauchy. Otherwise, it follows from the first corollary of
Theorem 5 that for each subsequence (yn)n∈N of (xn)n∈N the restriction of d−1 to the
set {x} ∪ {yn: n ∈ N} is precompact. Then, we can construct a subsequence (an)n∈N of
(xn)n∈N such that d(an+1, an) < 2−n for all n ∈N. Hence (an)n∈N is right K-Cauchy [12,
Proposition 1].
Conversely, let K ∈ K0(X) and let (xn)n∈N be a sequence in K . By our hypothesis
(xn)n∈N has a right K-Cauchy subsequence, so d−1|K is (hereditarily) precompact. By the
first corollary of Theorem 5, T (Hd)= TV on K0(X) ✷
Example 2. Let dS denote the Sorgenfrey quasi-metric on R. Since every convergent
sequence in (R, dS) is clearly right K-Cauchy, it follows that T (HdS ) = TV on the
collection of nonempty subsets of R which are compact with respect to the Sorgenfrey
topology.
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